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The Rectangular Isotherm Model for Adsorption Kinetics

DOUGLAS M. RUTHVEN
Department of Chemical Engineering, University of Maine, Orono, ME 04469-5737, USA

Abstract. The transient uptake response of an adsorbent particle, subjected to a step change in surface concen-
tration, is considered. It is shown that, when the isotherm is highly favorable, the theoretical curves derived for
a Langmuirian system reduce asymptotically to the much simpler form for a rectangular isotherm. The simple
rectangular model provides a useful approximation even when the form of the actual isotherm is quite far from the
rectangular limit.
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An understanding of the dynamic response of an ad-
sorbent particle when subjected to a step change in
sorbate concentration at the external surface is an es-
sential requirement for modeling adsorption kinetics
in both batch systems and adsorption columns. For
physical adsorption the sorption kinetics are gener-
ally diffusion controlled so, if the system is isothermal
and the equilibrium isotherm is linear, the dynamic re-
sponse is given by familiar solutions of the Fickian
diffusion equation, many of which have been summa-
rized by Crank (1956). However, when the concen-
tration change is large, the simplifying assumptions
of a linear isotherm with a constant diffusivity are no
longer valid. If the isotherm is highly favorable, so that
it can be approximated as irreversible (or rectangular),
an equally simple analytic solution for the uptake curve
is again available (Dedrick and Beekman, 1967; Brauch
and Schlunder, 1975). Under these conditions the con-
centration profile assumes a shock wave form and we
have shrinking core behavior, in which all adsorption
occurs at the adsorption front (see Fig. 1). The expres-
sions for the uptake curve are derived by assuming that
the flow of sorbate is constant in the region`> x> xf

(or R> r > r f ) with all adsorption occurring at the front
(x= xf or r = r f ):
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In these expressionsτ represents the time required for
the (shock) front to penetrate to the center of the slab
or sphere.

This approach has been widely used to model uptake
rates for systems in which the equilibrium is highly
favorable (Dedrick and Beekman, 1967; Brauch and
Schlunder, 1975; Teo and Ruthven, 1986). When the
curvature of the isotherm is less extreme it is more
appropriate to use the Langmuir isotherm:
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For diffusion in a composite adsorbent in which most
of the adsorptive capacity is within the micro-particles
while the kinetics are controlled by pore diffusion
within the gross (macro) particle the diffusion equation
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Figure 1. Schematic diagram showing the form of the concentra-
tion profiles within the fluid phase (c) and adsorbed phase (q) for
irreversible adsorption in a spherical particle.

assumes the following form:
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For a Langmuirian system these expressions are equiv-
alent to (Ruthven and Derrah, 1972; Ruthven, 1984):
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where De= Do
K (1−q/qs)2

is the effective (concentration
dependent) diffusivity.

The appropriate initial and boundary conditions are:

t = 0: q(x, 0) = 0 or q(r, 0) = 0
(7)

t > 0: q(λ, t) = qo or q(R, t) = qo
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These equations are non-linear and must, in gen-
eral, be solved numerically. Solutions for the uptake
curve, giving the fractional approach to equilibrium
(mt/m∞) as a function of the dimensionless time vari-
ableDot/ l 2 or Dot/R2 and the non-linearity parameter
λhave been presented (Garg and Ruthven, 1972; Fujita,
1952).

Since, for λ→ 1.0 the Langmuir isotherm ap-
proaches the rectangular limit one may anticipate that
the concentration profiles, and hence the uptake curves
predicted from Eqs. (5–7) should converge to the limit-
ing form predicted from the irrversible model. That this
is indeed true is illustrated in Fig. 2 in which the uptake
curves are plotted asmt/m∞ vs Dot2

l 2 · co
qo
(or Dot

R2 · co
qo
),

rather than against the more commonly used time pa-
rametersDot2/ l 2 or Dot/R2. It is evident that,λ>0.8
the uptake curves predicted from the Langmuir model
do indeed approach the rectangular limit.

For the parallel sided slab the equations are suffi-
ciently simple to allow a direct mathematical proof.
Eq. (1) may be solved explicitly for the fractional up-
take to obtain:
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It is shown in the Appendix that, for high values of
λ (λ→ 1.0) the uptake curve for the Langmuir model
reduces (approximately) to:
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Since, for the Langmuir isothermqo/co= K (1− λ),
Eq. (9) is evidently equivalent to Eq. (8), so the con-
vergence to the rectangular limit is evident.

The form of the concentration profiles is shown in
Fig. 3 at values of the dimensionless time parame-
ter ( Dot

l 2 · co
qo
) corresponding to 50% fractional uptake.

In the rectangular case the profile is a shock front
that penetrates with a velocity that decreases inversely
with the square root of time. As a result the uptake
curve increases linearly with the square root of time
over the entire range 0< t <τ . In the Langmuir case
the profile is of sigmoidal form but again the pen-
etration velocity decreases inversely with the square
root of time. However, except in the limit ofλ= 1
the slope of the uptake curve decreases in the final
stages as the two fronts merge at the center of the
slab.
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Figure 2. Theoretical uptake curves showing fractional approach to equilibrium as a function of the dimensionless time variable for (a) spherical
particles and (b) a parallel sided slab of thickness 2`. The curves for the linear system (qo/co= K ) are calculated from the expression given
by Crank (1956). The curves for the rectangular model are from Eqs. (1) and (2) while the curves for the Langmuir model are from Garg and
Ruthven (1972) and Fujita (1952).
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Figure 3. Theoretical concentration profiles at 50% fractional uptake for a parallel sided slab showing the difference in the shape of the profiles
for linear, Langmuir and irreversible adsorption isotherms. The curves are calculated at the following values of the dimensionless time parameter
corresponding to 50% uptake:

λ Dotco/`
2qo

0 (linear) 0.2

0.86 0.135

0.98 0.128

1.0 0.125

The assumption of isothermal behavior is implicit
in this model but it is clear that, in practice, a large
step change in adsorbed phase concentration will in-
duce a significant temperature excursion, especially for
vapor phase systems. However, when the equilibrium
isotherm is highly favorable the effect of a tempera-
ture change on the uptake kinetics is minor since it de-
pends only on the temperature dependence of the satu-
ration limit (qs) and thelimiting diffusivity (Do), both of
which are modest. The rectangular model thus remains
a valid approximation even under non-isothermal
conditions.

The practically important conclusion from this anal-
ysis is that when the isotherm is strongly favorable,even
if it is not really irreversible, the simple rectangular
model provides a useful approximation to the uptake
curve.

Appendix

Diffusion in a semi-infinite medium in which the dif-
fusivity varies with concentration in accordance with
Eq. (6) has been studied by Fujita (1952). His solution
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for a step change in concentration (0 toco) at the ex-
ternal surface has been summarized by Crank (1956):
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The concentration is a function only of the single vari-
abley and the parameterλ. The profileC(λ, y) is given
by the above equation withβ andθ as intermediate pa-
rameters.

For a parallel sided slab the solution for a semi-
infinite medium applies until the point at which the
concentration waves penetrating from the two surfaces
meet at the center. In the limitλ→ 1 these profiles ap-
proach the limiting form of a shock front so this solution
applies over the entire range from zero to saturation.

The fractional uptake is given by:
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Substituting forC anddy/dθ and integrating yields
for λ→ 1:∫
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For larger values ofβ (corresponding toλ→ 1.0) we
may use the series approximation:
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Notation

b Langmuir equilibrium constant
c fluid phase concentration
co fluid phase concentration in feed
D diffusivity
Do limiting diffusivity at low sorbate

concentration
De effective (concentration dependent) diffusivity
K Henry constant (= bqs) based on particle

volume
` half thickness of slab
mt mass adsorbed at timet
m∞ mass adsorbed at equilibrium (t→∞)
q adsorbed phase concentration
qo adsorbed phase concentration at equilibrium

with co

qs saturation limit (Langmuir model)
r radial coordinate
R particle radius
t time
x distance (measured from center of slab)
y x/2

√
Dot/K dimensionless distance

parameter
εp porosity of particle
τ dimensionless time to saturate slab or particle
λ non-linearity parameter (= qo/qs)
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